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5^ ' ABSTRACT. We establish the existence and uniqueness of an ergodic invariant measure for 2D fractionally 

Oh dissipated stochastic Euler equations on the periodic box, for any power of the dissipation term. 

< 

1—-1! 1. Introduction 

<£ Because of the combined effects of rapid rotation and small aspect ratio, much of large scale atmospheric 

turbulence is dominated by two dimensional dynamics. In this setting, the role of molecular dissipation is 
negligible, but other forms of dissipation do exist [HPGS95, PBHOO, PH02, SBH+02]. Two dimensional 
turbulence has been extensively studied theoretically [Kra67, Bat69, RS92, FL94, Con97, FJMR02], 
experimentally [PT97, PT98, VLPC+02, BPSS02] and numerically [PSCOO, CP01]. See also the re- 
views [Fri95, Tab02] and references therein. In such forced dissipative systems a common approach, both 
numerically and theoretically, is to use a frequency-localized stationary gaussian (white in time) stochastic 

J^\ I process as a proxy for "generic" energy injection, see e.g. [Nov65, FS84, Eyi96, AFS08, BS09, KS12]. 

£S) ■ The simplest form of dissipation, wave-number independent friction, leads to the damped-driven Euler 

equations [BerOO, CR07]. Unfortunately, the ergodic theory for the stochastically forced damped-driven 
Euler equations seems to be far from reach at the moment: this is in part due to the lack of compactness 
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or continuous dependence in a suitable Polish space. The natural space for 2D Euler, L°° n L 1 vorticity, is 
r^T \ ill-suited to study the ergodic theory for SPDEs in the Markovian framework with the existing tools. 

Weak wave-number dependence in the dissipation can be viewed as remedy for the difficulties encoun- 
tered with damped and driven Euler equations. Our goal here is to address the question of what is the lowest 
power of dissipation in the fractionally dissipated Euler equations that allows the development of a rigorous 
ergodic theoiy. In the case of very weak wave-number dependence this question turns out to be quite non- 
trivial. Recently, the use of fractional dissipation as a regularizing term in models arising in fluid mechanics 
has become quite common, see e.g. [CCW01, Wu02, KNV07, CCGO09, CV10, KislO, CCV11, HKR11, 
CV12, CW12] and references therein. 

In this work we establish the existence and uniqueness of an ergodic invariant measure for the fraction- 
ally dissipative 2D Euler equation in vorticity form 

dco + (A 7 a; + u ■ Vto)dt = adW, 

u = K * lo, (1.1) 

w(0) = lo , 

where A 7 = (—A) 7 / 2 is the fractional Laplacian, and 7 is allowed to take any value in (0, 2]. Here K is 
the Biot-Savart kernel, so that V -1 • u = lo and V • u = 0. The equations evolve on the periodic box T 2 = 
[— 7r, 7r] 2 . The noise is white in time, colored in space, and degenerate, in the sense that it is supported on 
only finitely many Fourier modes. This work is part of a larger goal to understand inviscid limits for weakly 
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dissipated, stochastically forced Euler equations and related systems, in the class of invariant measures. See 
also [EKMSOO, Kuk04, CR07, BS09, KuplO, KS12, GHSV13] and containing references. 

There exists a fairly well-developed ergodic theoiy of the stochastic Navier-Stokes equations in two 
dimensions. As far as we know, the study of stochastic Navier-Stokes goes back to the 1960's [Nov65], 
with the rigorous mathematical framework initially developed by [BT72, VKF79, Cru89]. The ergodic 
theory for 2D stochastic NSE, and other nonlinear SPDEs, was initiated by [FM95, DPZ96] around the 
Doob-Khasminskii theorem. This setting requires finite time smoothing of the Markov semigroup (the 
Strong Feller property) and a strong form of irreducibility. As such, these initial works required a very 
non-degenerate noise structure, that is stochastic forcing in all Fourier modes. Following these pioneering 
works, a number of authors have addressed the case of increasingly degenerate stochastic forcing [Fer99, 
Mat99, Mat02b, BKL01, EMS01, EH01, KS01, KS02, MY02, Mat03]. These authors realized the es- 
sential role played by Foias-Prodi-type estimates (determining modes) [FP67] for obtaining ergodicity in 
nonlinear SPDEs. More recently, in a series of works [MP06, HM06, HM08, HM11] the unique ergod- 
icity and mixing properties of the stochastic Navier-Stokes equations have been established for a class of 
very degenerate (hypoelliptic) stochastic forcings. In particular these authors introduced a notion of time 
asymptotic smoothing for the Markov semigroup and connected this property with unique ergodicity. We 
will make central use of this "asymptotic strong Feller" property here. For further recent developments and 
background on the ergodic theoiy of nonlinear SPDEs we refer the reader to [KuplO, Debll, KS12] and 
references therein. The time asymptotic and statistically stationary behavior of the damped stochastic Euler 
has been studied in e.g. [BFOO, BF12, GHSV13], but only in the context of weak solutions both in the PDE 
and probabilistic sense, which is far from the Markovian framework used here. 

If the dissipation's wave number dependence is strong enough, i.e. for 7 € (1,2), the argument in 
[HM06] appears to go through without major new ideas. The reason is that A 7 is smoothing by 7 derivatives, 
while u ■ Vuj = V • (uu) has a one derivative loss. Moreover, at the technical level, when 7 € (1,2) one can 
simply work with the phase space L 2 , where we have existence, uniqueness, and continuous dependence 
on data for the SPDE. Therefore, one can show the Markovian semigroup is Feller, obtain the needed 
exponential moment bounds, and the asymptotic strong Feller property, all in the L 2 phase space. 

On the other hand, the case 7 G (0, 1] is hard for the following reasons: It appears from the above 
naive derivative counting that the case 7 € (0, 1] requires a new idea in order to appeal to Foias-Prodi-type 
arguments. No continuous dependence on data in the L 2 phase space is available, and even uniqueness 
might fail in L 2 for (1.1), so the Markovian framework breaks down in this space. To make sure we have 
uniqueness in the SPDE, we work in the phase space H r with r > 2. The essential challenge now is 
that there is no cancellation property for the nonlinear term in H r , and so obtaining moments becomes a 
highly non-trivial task. Moments are used extensively throughout the analysis: usually polynomial moments 
(with at most linear time-growth) are used to obtain the existence of invariant measures, while exponential 
moments are used essentially in obtaining the uniqueness. Furthermore, due to this lack of cancellation in 
H r , even establishing the Feller property is not trivial. 

Our new ideas, which allow us to overcome the above mentioned technical difficulties are as follows. 
We developed a way to use the inherent parabolic smoothing in the equation, combined with a stopping time 
argument, to obtain the Feller property. The smoothing also takes care (after an arbitrarily small transient 
smoothing time) of the problem with the naive derivative counting. In order to obtain estimates on the 
gradient of the Markov semigroup, we need to make use of exponential moments. Since we do not have 
them in H r , we first need to address the control equation for the velocity fields in L 2 , which only require the 
available L p exponential moments. We then use the instantaneous smoothing and interpolation to obtain the 
needed decay estimates in H r . Parabolic smoothing may thus be also viewed as a tool to bootstrap available 
moment information from LP to H r . Our exponential moment estimates make use of a sharpening of a 
lower bound on the dissipation term in LP from [CC04]. This appears to be new, and may also be of some 
independent interest. 
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1.1. Mathematical Setting and Assumptions on the Noise. The size of the periodic domain is chosen 
so that for convenience the lowest eigenvalue of —A, and hence of the fractional Laplacian A 7 , is equal to 
1. Lebesgue spaces are denoted as usual by LP with 1 < p < oo. For any s > we shall denote by H s as 
the Hilbert space of mean zero elements u £ L 2 (T 2 ) such that ||A s oj||| 2 < oo. 

Throughout this manuscript fix r > 2. We will be considering pathwise, that is probabilistically strong, 
solutions. Hence we fix a stochastic basis S = (Q, T, P, {Ft}t>o, W). The noise term in (1.1) is given 
explicitly as 

adW = Y^ (J k (x)dW k {t) (1.2) 

kez 

where we denote the set of forced modes by 2 C Zq. We will use the notation that for s > 

II l|2 \~^ II l|2 

IfIIh 8 := /_^ WkWw 

k&Z 



Similarly we adopt for any p > 2, 



,P/2 



WWhv =z I > \&k(x)\ ) dx. 



/JEi-wi 2 )' 

J l k&z 

We assume for simplicity that for \Z\ < oo and Z is symmetric with respect to A; i-> —k. Also, to 
simplify the exposition we consider the following explicit structure 1 for the Ok- As in [HM06], let {qk}k£Z 
be a collection of non-zero real numbers and let e^(x) = sm(k • x) for fc G 2 fl I? + and efc(x) = cos(fc • x) 
for k € -Z n Z 2 ., where Z^ = {A; = (fa, k 2 ) e Z 2 : k 2 > 0, or k 2 = and fei > 0}, and I?_ = -I? + . We 
then let 

Ok{x) = (lke-k{x) (1.3) 

for any k £ Z. For many of the below results we need 2 to contain a sufficiently large ball around the origin 
in Z 2 . That is, we assume there exists a sufficiently large integer A^ > such that 

{k £Z 2 : 0< \k\ < N} C Z. 

1.2. Well-posedness and Markovian Framework. For initial data ujq G H r , it may be shown that 
(1.1) has a unique global in time probabilistically strong, i.e. pathwise, solution in H r . More precisely we 
have the following well-posedness result: 

PROPOSITION 1.1 (Well-posedness). Fix a stochastic basis S = (fi, J 7 , P, {Ft}t>o-, W) and consider 
any r > 2, 7 > 0. Suppose, for simplicity that a takes the form (1.3). T/ien, /or a?ry c^o £ -ff r rtere e^/ifi a 
unique 00 = u(t, ujq) = u{t, ujq, aW) satisfying (1.1), in ?/?£ H'me integrated sense and with the regularity 

ojeL^([0,oo);H r )nLl c ([0,oo);H r ^ 2 ) 

almost surely. 

By making use of the change of variable ui = co — aW, this existence and uniqueness result can be 
established using standard methods in a similar fashion to the 2D Euler/Navier-Stokes equation. See e.g. 
[CF88, MB02]. Note however that the local and global existence for strong, pathwise solutions of the 2D 
and 3D Euler equations has been treated in a much more general setting, with multiplicative noise and in the 
presence of boundaries in [GHV13], and see also the references therein. See e.g. [Roz90, DPZ92, PR07] 
for more on the general well-possedness theory for SPDE. 

On the other hand, the fractional dissipation term present in (1.1) leads to smoothing properties which 
we would not expect from the damped Euler equation. We will show in Theorem 1 .2 that solutions smooth 
to an arbitrary degree regularity after an arbitrarily short time. With this smoothing effect we show in 
Proposition 3. 1 that solutions dependent continuously on initial conditions in the H r topology. 



For Proposition 1.1 and Theorems 1.2-1.4 we in fact do not require any other assumptions on the noise term, except for 
is < 00 with s = r + 2. In fact, these results hold with more general, possibly state-dependent (multiplicative) noise. 
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With this basic well-posedness in hand we may associate Markov transition functions to (1.1) by defining 
P t {cjo,A)=F(u(t,uo)€A) for any t >0,AeB(H r ). (1.4) 

This defines the Markovian semigroup, also denoted {Pt}t>o 

P t <p{-)=mp(u(t,-))= f <p(uo)Pt(;duo), for any <peM b (H r ), (1.5) 

where M.^{H T ) denotes the collection of bounded, real valued, Borel measurable functions mapping from 
H r . We will denote C}>{H r ) to be the collection of continuous real valued functions mapping from H r . We 
will show in Section 3 below, that {Pt}t>o i s Feller meaning that P t maps Ct>{H r ) into C},(H r ) for every 
t > 0. Let us recall that for any Borel probability measure p,, the dual semigroup P t * acts as 



P 4 >(-) = / P t (u ,-)dfi(uo). 

Note that P t * may be denned to act on any finite signed Borel measure fi. Then \i € Pr(iP) is an invariant 
measure for {Pt}t>o if Pt I 1 = I 1 f° r an t > 0. 

1.3. Notation. For the sake of readability, throughout this manuscript we shall adopt the following 
notational conventions. All constants are deterministic and independent of time. 

(i) C shall denote a sufficiently large positive constant that depends on r, 7, and on the constants 
arising in the Sobolev, Poincare, Burkholder-Davis-Gundy, and other inequalities. The value of 
C may change from line to line. When the constant C depends on other parameters A, we shall 
explicitly remind the reader of this dependance by writing C(A). 

(ii) V(x) shall denote a polynomial of the type 1 + x g , where the degree of the polynomial is sup- 
pressed in the notation. We shall also write V(x, y) to denote a polynomial 1 + x Ql + y q ' 2 , where 
again the dependence on q\ and 52 is suppressed. 

(iii) £(k,x) shall denote the function exp(/c(l + x 2 )). Below, k shall always take the form n = 
l/(C"P(||cr||)) for a suitable norm || • || of a, which we will specify, and a universal constant C as 
in (i) above. 

1.4. Main Results. We now turn to describe the main results of the work, and to lay out some of the 
challenges involved in their proofs. As mentioned above, at the heart of our argument is obtaining moment 
bounds in high Sobolev spaces for solutions of (1. 1). The first main result gives polynomial moment bounds 
for the iP+^W norm of oo(t), with a(t) increasing, and these bounds grow only linearly in time. This 
secular growth is in turn essential for the existence and uniqueness results below (cf. Theorems 1.4 and 1.5). 

Theorem 1.2 (Polynomial Sobolev Moments and Smoothing). Fix r > 2, 7 > 0, and letm>0 and 
T m > be arbitrary. Define 

a(t) = h tT ™' t€ [°' T ™]> (1.6) 

[m, t > T m . 

Then, for any T > and any q > 2 we have 

E( sup ||A r+Q(t) u;(i)f. 2 + / ||A r+7 / 2+Q Wu;(t)||2 2 ||A r+Q Ww(t)f- 2 di) 
\*e[o,T] Jo J 

< CV(E\\uj \\ H r) + CTP(\\a\\ U r + m), (1.7) 

where C = C(q,T m ,m) is a sufficiently large constant, independent of T. The polynomial V is given 
explicitly in (2.21) below. 
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We emphasize that m, the number of derivatives we want to gain, and T m , the time in which this gain 
is achieved, can be taken arbitrarily large, respectively arbitrarily small. This is a quantitative control on the 
parabolic smoothing effects inherent in the equations. The techniques outlined in the proof of Theorem 1.2 
below, combined with the arguments in [FT89, Mat02a], may be used to show that in fact the equations lie 
in a Gevrey-class when t > 0. 

The main difficulty in establishing Theorem 1.2 is that in high Sobolev spaces H s with s > 0, unlike 
the case s = 0, we do not have that J A s (u • Vio)A s codx = 0. In order to obtain bounds that do not blow 
up in finite time, we use a commutator estimate which shows that the H s norm is under control globally, if 
the expected value of the H l norm to a large power is integrable in time. In turn, to obtain such polynomial 
moments for the H 1 norm, upon integration by parts, it is sufficient to obtain polynomial moment bounds 
for high LP norms of the solution. The latter is achieved using that the nonlinear term vanishes in L p , and 
the positivity of the fractional Laplacian in LP , see [CC04] and Appendix A below. The above described 
argument of bootstrapping moments from L p to H 1 and then to H T+a ^' is given in Subsection 2.1 below. 

While the polynomial moments established in Theorem 1.2 are sufficient in order to establish the exis- 
tence and regularity of invariant measures of (1.1), in order to establish gradient estimates for the Markov 
semigroup, which is an essential step for uniqueness of invariant measures, exponential moments are needed. 
As with the case of the Navier-Stokes equations (7 = 2), classical arguments can be used to establish ex- 
ponential moments for the L? norm of the solution. However in the Naver-Stokes case L? is also the phase 
space where the Markov semigroup evolves. In the fractional case considered here the Markov semigroup is 
evolving on H r , and this discrepancy between the space where exponential moments are available and the 
phase space causes a number of difficulties. At this stage, in order to be able to use the parabolic smoothing 
property we make critical use of of exponential moments for any large L p norm of which is the next result. 

THEOREM 1.3 (Exponential Lebesgue Moments). Let p > 2 be even, and T > be arbitrary. There 
exists kq > with 



«o 



C(p)V(\\a\\ LP : 
such that for every k € (0, kq] we have 



r T 

Eexp(K||w(r)||| P )+E / exp (K\\cu(t)\\ 2 LP ) dt < CE£(k,\\u} \\ 2 lp ) + CkT (1.8) 

Jo 



'0 
where C = C(p). Moreover, for every k in this range we have that 



EexpU/ ||w(s)||£pds) <e T E£(K 1/2 ,||w ||i P ) (1.9) 



holds. 



We notice that the growth in time of (1.8) is only linear, and the exponential growth in time of (1.9) is 
at a rate that is independent of a. The proof of Theorem 1.3, given in Subsection 2.2 below, is based on the 
Ito Lemma in LP [DPZ92, KrylO], and a Poincare inequality in LP for fractional powers of the Laplacian, 
given in Proposition A. 1. More precisely, for p > 2 even, we prove that 



/ 6 p -\x)Ve{x)dx > -L||0||£ p + I||A^/ 2 (^/ 2 )||| 

JT 2 W P 



L 2 
7 V 

holds, with an explicit constant C 7 > 1 given by (A.5) below. The lower bound (A.l), but without the LP 
norm of on the right side, was proven by Cordoba and Cordoba in [CC04]. Since 9 p / 2 is not of zero mean 
when p > 4 is even, this lower bound does not however follow directly from [CC04]. Note that in the case 
7 = 2 we have a local operator, —A, and the above estimate easily follows using integration by parts. In the 
fractional case, due to the lack of a Leibniz rule, we need a different argument, given in Appendix A below. 
In the next theorem we establish the Feller property for the Markov semigoup Pt associated to (1.1), and 
prove the existence of an ergodic invariant measure for the dual semigroup, which additionally is supported 
on smooth functions. 
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THEOREM 1.4 (Existence and Regularity of Invariant Measures). Let r > 2 and 7 > 0. The system 
(1.1) defines, for t > a Feller semigroup Pt on H r . There exists an ergodic invariant measure p* for 
{Pt}t>o- Moreover, every invariant measure \x of Pt is supported on C°° and 

/ ||o;||^- s d)ti(a;) < 00 

for every s > r, and for any q > 2. 

In the classical case of the stochastic Navier-Stokes equations, the Feller property follows directly from 
a continuous dependence estimate on data in the phase space I?. In the fractional case with 7 <?C 1, we face 
two complicating factors. The standard continuous dependence on data estimates in H r do not appear to 
work since we cannot control stray terms arising from linearization, as can be seen from a naive accounting 
based on the number of derivatives (for the deterministic Euler equation this is in fact not true [Mas07]). 
To overcome this difficulty we make careful use of a parabolic smoothing argument, by controlling the 
difference of two H r+a ^' solutions in H r ~ l + a w_ Coupled with the bounds available from Theorem 1.2, 
with m = 1 and T m sufficiently small, this allows us to control the difference of the solutions in H r , for 
any strictly positive time. Even leaving the regularity issue aside, in contrast to the classical case where the 
Feller property is an immediate "pathwise" inference from the Dominated Convergence Theorem, due lack 
of cancellations here we must invoke a delicate stopping time and density argument. This is the content of 
Proposition 3.2 below. See also the recent work [GHKVZ13] where a similar approach has been used to 
address multiplicative noise. 

With the Feller property now in hand the existence and regularity of invariant measure now follows from 
Theorem 1.2 with the aid of standard long-time averaging arguments. While we only go so far as to give 
the details for the C°° support of p. we believe it should be possible to show that fi is in fact supported on 
Gevrey-class functions. It is also worth emphasizing that up to this point in the work our arguments extend 
trivially to any additive noise with a sufficiently smooth a and indeed even to certain classes state dependent 
noise structures. The proof of Theorem 1.4 is given at the end of Section 3.1. 

Theorem 1.5 (Uniqueness of Invariant Measures). Let r > 2 and 7 > 0. There exists an N = 
iV(7, r, ||<t|| L 6/ 7 ), such that if the ball of radius N in Zg lies inside Z, then there exists a unique and ergodic 
invariant measure. 

The proof of Theorem 1.5 is carried out in Section 4 and consists of two principal steps. First we 
establish a certain time-asymptotic smoothing property of the Markov semigroup associated to (1.1). More 
specifically, we establish that P t satisfies the so-called asymptotically strong Feller property, which was 
introduced in [HM06], and is recalled here in Definition 4.1 below. In practice this is achieved through 
an estimate on the gradient of the Markov semigroup obtained in Proposition 4.2. In this setting, using 
some tools from Malliavin calculus, the gradient estimate boils down to constructing a suitable "control", 
which assigns to every perturbation in the initial data a perturbation in the noise. This perturbation in the 
chosen so that the global dynamics is controlled by the dynamics on a sufficiently large, but finite, number 
of determining Fourier modes (Foias-Prodi estimates). Asymptotically, as t — >■ 00, one has to show that the 
size of this control vanishes, which encodes the time-asymptotic smoothing of the Markov semigroup. 

For 7 small the difficulty here is twofold, even in the so called "essentially elliptic" case, where we 
force all the determining modes of the system. First, even if this number of modes N is sufficiently large, a 
simple derivative count shows that for the control to decay one has to use the parabolic smoothing described 
in Theorem 1.2. This aside, a second difficulty arises: we do not have exponential moments for the H s 
norms of the solution when s > 1, and such exponential moments appear to play an indispensable role 
in such gradient estimates. We overcome this difficulty by first proving that the H^ 1 norm of the control 
decays, which only requires exponential moments for the LP norm of the solution, available by Theorem 1.3. 
We then use the smoothing effects and interpolation to bootstrap this H^ 1 decay to a decay in H r . 

The second step is to establish that P t is weakly irreducible at 0, meaning that is in the support of every 
invariant measure. This property follows from uniform estimates on the stationary solution established after 
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Proposition 3.4 and the following property of the equations: the unforced dynamics are driven to 0, and 
moreover this fixed point is stable under perturbations in the forcing. The precise estimates which lead to 
the weak irreducibility property are given in Section 5. 

Combining these two main steps, the asymptotic strong Feller property and the weak irreducibility, we 
now rely on the following fundamental result: 

Theorem [HM06, Theorem 3.16] Let [i and v be two distinct ergodic invariant probability measures 
for Pp If Pi is asymptotically strong Feller at uj, then uj ^ supp/x D suppz/. 

Using the above result, in view of Theorem 1.4 we may now infer the uniqueness of invariant measures. 

2. A Priori Estimates. Moment Bounds and Instantaneous Smoothing 

In this section we establish the following moment bounds for solutions u(t, loq) of (1.1). For the sake of 
generality, we consider possibly random initial data, but the moment bounds obtained here will be applied 
in forthcoming sections with deterministic initial conditions. 

2.1. Polynomial Moments and Smoothing Estimates. The goal of this subsection is to prove Theo- 
rem 1.2, which is achieved in several steps. The first step is to obtain an moment bound for LP norms of 
uj. The second step is to bootstrap using a commutator estimate and obtain polynomial moments for the H 1 
norm of the vorticity. The last step is to use the inherent parabolic regularization in the equation to further 
bootstrap and prove polynomial moment bounds on high Sobolev norms. We emphasize that all the moment 
bounds obtained in this subsection grow at most linearly with time. This is essential way to establish the 
existence of invariant measures below in Section 3. 

2.1.1. Estimates for uj in L p , p > 2. We now prove moment bounds for LP norms of the solution, with 
p > 2, and even. Applying the Ito lemma pointiwse in x and the stochastic Fubini theorem, we obtain the 
following L p version of the Ito lemma (see also [KrylO]) 



d\\u\\ p rp = \-p I u p ~ l K<ujdx + P ^- — ^ V f afuj p ~ 2 dx) dt + pV ( I aiuj p ~ l dx] dW l 

=: (- P T 1)P + P{P ~ l) T 2 ^ dt + pY,Si, P dW l . (2.1) 

^ ' iez 



dx (2.2) 



Using Proposition A. 1 , we have a lower bound on the fractional Laplacian 

pT 1:P =p [ (JP-^udx > -J-IM&, + / A^ 2 K /2 ) 

where C 7 > 1 may be computed explicitly. A standard Holder and e- Young bound for the second term on 
the right side of (2. 1) yields 

P\P ~ l)rp ^ 2|| ||2 II IIP — 2 • 1 II up . ^n up ,~ n\ 

T 2)P < p \\a\\ LP \\uj\\ p LP <2^|M|jy,+C||ff||£p (2.3) 

where C 7 is the constant appearing in (2.2). We integrate (2.1) on [0, T], take expected values and use the 
estimate (2.2)-(2.3) to arrive at 

E\\u(T)\\ p LP + f E||w( S )||^ds<C7E||w ||^+Cr|| ( j||P p . (2.4) 

Jo 

2.1.2. Estimates for uj in H . We now obtain moment bounds for the H 1 norm of the vorticity. First 
we deal with quadratic moments by appealing to the Ito lemma in H l 

d\\u\\ 2 H i + 2\\uj\\ 2 H1+j/2 dt = ( IHIhi -2 / u ■ VujAujdx J dt + 2 ^ ( / a t Au)dx j dW l . (2.5) 
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Upon integration by parts, using that V ■ u = 0, the nonlinear term may be bounded as 

Vw : V-u • Vujdx 



u ■ VuiAuidx 

T 2 



< ||Vw||?a+ e II Villi 2+£ (2.6) 

L e 



where e = £(7) := 27/(4 — 7) is defined such that H" f ' A C L 2+£ by Sobolev embedding. Using that Vu is 
given by a matrix of Riesz transforms acting on u, and the Gagliardo-Nirenberg estimate, the right side of 
(2.6) is further bounded as 

1 1 1 1 O 1 1 1 1 o 1 1 1 u r ") 1 

V« rHe V« 2+e < C \\UJ\\ 2+e M ,,7 < C W 4 W r 2 M ,,V 

2(2+7) 4 +4 

< ||w|| 2 +C||w||| 2 ||w|| / < ||w||ii +7/2 +C|Mr 4 (2.7) 

for some sufficiently large constant C that depends on 7 E (0, 2] and the size of the periodic box. Letting 

P 7 = 4 + -, (2.8) 

7 

and using once more the Holder and Poincare inequalities, (2.5) gives 

dllwl&i + ||w||^i dt < (|MIhi+ C\\uj\\ p I J^)dt + 2 V (/ o-jAwdxJdPT 1 (2.9) 

and hence, upon integrating on [0, T] and taking expected values we arrive at 

f T f T 

E\\u}(T)f Hl + / E\\u(s)\\ 2 Hl ds <E\\ujo\\ 2 h i +T||a|||i+C / E||w(s)||^ 7 ds 
Jo Jo 

< E\\oj \\ 2 h1 + CE||a;o||i 7 P 7 + CT (\\a\\ 2 ml + \\a\\^) . (2.10) 

In the last inequality above we have appealed to the L p "< moment bound (2.4) above. 

In Section 2.1.3 below we will in fact need bounds on E||u;||'^ 1 , with q > 2 possibly large, depending 

on 7. To this end, we apply the Ito formula to the function ip(x) = x q l 2 , and x(t) = ||w(i)||^-i and obtain 
as in (2.9) that 

in no -- Q 11 iig—2 / 11 i|2 1 11 ||2 1 /on 11P7 \ jj. 

d\M\ q H1 < -Hwll^i (-||w|| H i + ||cr|| H i + C||w|| L ], 7 ) dt 

+ q\\uj\\ q Hl 2 J2 ( I aiAudx) dW l + 9(g ~ 2) |H|^ |M| *,~i 2 tft (2.11) 

for any q > 2. Integrating (2.11) on [0,T], taking expected values and using the e-Young inequality three 
times, we arrive at 



T 



<1V"I 



E||w(T)||^ + | / EllwCaJll^ds^Ellwoll^+CrH^ + C/ E\\u(s)\\ L ^ds 
° Jo Jo 

< 1&|M)|| H1 + OE||w |l L9P7/2 + OJ [\\cr\\ m i + IMI L9P7 / 2 

< C^OEHwollfl!) + CTV(\\a\\ m ) (2.12) 

where in the second inequality we have used the Holder inequality, and the moment bound (2.4) for the 
jjiPil 2 norm. Here C depends on the parameter q. 

2.1.3. Estimates for ui in H r+a ^\ smoothing. In this final step of the proof of Theorem 1.2, we make 
estimates on the L 2 norm of A r+a ^uj(t). Here for the sake of brevity we define 

s(t) = r + a(t) 
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and note that s(t) > 2 for all t > 0. The Ito lemma in L 2 , applied to A s ^uj, yields 
d\\A s u\\l 2 +2\\A s+ ^/ 2 u\\l 2 dt-2a(t)\\A s (\ogA) 1/2 uj\\l 2 dt 

= M|er|||, - 2 / u-Vu(-A) s u)dx)dt + 2^2( f ai(-A) s ojdx\ dW l , 
where we have used that 



(2.13) 



lez 



d 
di 



\k\ 2s{t) = 2a(t)log(\k\)\k\ 2s ^ 



'2TTIT- 1 log(|fc|)|fc| 2 '(t), t€[0,T m ], 



0. 



t > T m . 



In order to bootstrap from (2.13) to compute higher moments we now make a second application of the Ito 
lemma with (p(x) = x q l 2 . We obtain 

dllA'wIlla+gllA^^^wlllallA'wIl^cft-gd^llA'OogAJ^wlllallA'wIl^tft 



L-' 

£llAS,. 119-2 

2 



A s oj\\ q ~ 2 (\\a\\ 2 w - 2 I u-Vu:{-A) s udx\dt + q\\A s u\\ q L2 2 ^(f <r,(-A 



+ 



q(q ~ 2) 



A U)\\ L 2 



Y^ [ ai{-A) s udx ) dt. 
lez 



Now, since for any 7 > there exists A* = 2V*(7, m, T m ) > such that 

dlog(|fc|) < mT~ l log(|fc|) < -|fc| 7 , for all |ifc| > N* 

and possibly choosing A* larger so that A 7 "* > rnT^ 1 we have 

d(t)||A ? W(logA) 1 /2 u ,||2 3 = d(t) £ Ifcl^loglfcHwfcl 2 



) s ojcZx ) dW l 
(2.14) 

(2.15) 



< ^ A s(t) + ,/2^2 L2+N 2s-2 + , lt ^ TjM 2 Hi 

Thus, with (2.16) and (2.14) we may thus conclude 

d\\A s io\\ q L2 + |||A s+ ^ 2 W || 2 2 ||A s W ||^ 2 d£ 

< |||A s u,||* 2 2 ((q - l)\\a\\ 2 Ms + N 2s - 2+ ^l t < T J\u\\ 2 Hl + 2 J u ■ Vu(-A) s ujdx ) dt 



(2.16) 



+ q\\A s uj\\ q ~ 2 2 {A s a, A s u)dW. 



(2.17) 



To estimate the nonlinear term on the right side of (2. 14), since V • u = 0, we may rewrite 

J (K*oo)- Vu(-A) s ojdx = f[A s , (K*u)- \/}uA s ujdx 

where [A s , f ■ V]g = A s (f ■ V<?) — / • A s g. We now use the commutator estimate (B.4) of Lemma B. 1, with 
e = j, and conclude 



I (K*oj)-Voj(-A) s u}dx 
Jt 2 



<C(l + \\u\\ P Hl ) + 



4 IMI/p+7/2- 



with C = C(m) since s < r + m and where 

4((4 + 7)(r + m + 7 )-4) 



P 



7(6 + 7) 



(2.18) 



(2.19) 
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Putting together (2.18) with (2.17) we obtain with an appropriate usage of the s- Young inequality. 

d\\A s u;\\ q + l\\A s+ ^ 2 oj\\ 2 r2 \\A s uj\\ q - 2 2 dt 

n ii// q ii ii-L ii HZ/ 

< C {N 2r +2m ~ 2+7 \\u;f H1 + \\<y\\ 2 w+m + (1 + \\u\\ p Hl )) q/2 dt + q\\A s oo\\ q - 2 2 {A s a, A s u)dW. (2.20) 

We now conclude the desired results by integrating (2.20) over any interval [0, t] C [0, T], taking a supre- 
mum in t and then taking expected values. Applying standard arguments using the Burkholder-Davis-Gundy 
inequality to the martingale terms, we obtain 



' \A s ^l 2 uj\\ 2 L2 \\A s ^uj\\ q - 2 2 dt 



E( sup ||A'Wu;(t)||« a + / 
\te[o,r] Jo 

< CE||A r o;o||| 2 + C ^([ 1 + Ikllnr+n. + INI?*-) 

( pq PP~f<l \ / pq PP-yq \ 

||A r o;o||| 2 + ||wo|lii + ||wo||^ )+CT\l + \\a\\ q mr+m + \\a\\^ + IMI^ J . (2.21) 

for any T > and q > 2, with C = C(q, m, T m ), where p is given by (2.19) and p 7 is given by (2.8). 

2.2. Exponential Moments in LP, p > 2. The puipose of this section is to establish exponential 
moments for the L p norms of the solution, i.e. prove Theorem 1.3. 

2.2.1. Pointwise in time exponential moments. In this subsection we obtain pointwise in time exponen- 
tial moment bounds for the LP norms of solutions, that grow only linearly in time, i.e. estimate (1.8). 

For p > 2 and k > 0, to be determined, we now consider the function 

M*) = ex P («(••- + X ? /P ) ( 2 - 22 ) 

which is smooth in a neighborhood of [0, oo). We note that 

2k* 2 — p 

ip' K (x) = — (1 + x) p ip K (x) 

2k(v — 2) 2-2p 4 K 2 2(2-p) 2-p 

*l>"( x ) = ^2 ~( l + x ) P tp K (x) + -^-(l + x) v tp K ( X ) < k(1 + X) P l// K (x). 

Let x{t) = \\uj{t)\\ p LP . By the Ito Lemma, and (2.1) we have that 

#*(*)=<(*) (-pTi, P + ^j^T 2 , p \ dt + ^>>(x)Y,Sl p dt+pY,4>' K (x)Si, P dW l (2.23) 
^ ' iez lez 



Using (2.2) and (2.3) we find 



p(p - 1) 1 

-p t i>p + — 2 — 2,p - "^"ll^llip + ^IfIIlp- 



with Cj > 1, while the Holder inequality implies 






ze2 iez 



< \\n\\ 2 IImII 2(p_1) 
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Hence we obtain 

dtp K (x) <if/ K (x) f-^rl|w||^ +C\\a\\l P + k(1 + ||w||^p)~^||<t||L'I|w||5J'~ 1) J dt 
+ P ^' K {x)Y J Si, p dW l 

< <(*) (-^HMIL + C\\a\\ p LP + K\\a\\t P \\u\\ p LP J dt + p^' K {x) J2 Si, P dW l (2.24) 

Now for any k = k(p, ||ct||lp) sufficiently small so that 

where C(p) is the constant in (2.24), and any T > 0, by integrating (2.24) we find 

E*l> K {x{T))<mi> K (x(0))+KJ i>' K {x(t))(-^\\u\\l P +C\\a\\\Ads. (2.26) 

Using (2.25) we next estimate 

&(*) ("^HMIk + ClMlk) < j exp («(1 + |« p ) 2 ^) (-^HMg, + C\\a\\l^j 

< — exp («(1 + 4CC 7 ||a||[ p ) 2/p ) < C«. (2.27) 



To see this one has to treat separately the cases when ||w||^ p is larger or smaller than 4CC 7 ||cr||£ p . Combin- 
ing (2.26) with (2.27) we obtain that 

i r T 

Eexp (k\\oj(T)\\ 2 lp ) + — — E / exp («||w(t)|||,) dt < CEexp («||w ||ip) + CkT (2.28) 

where k = k(p, ||<7||£^) is such that (2.25) holds, and C = C(p). We note that the right side of (2.28) grows 
only linearly in p. 

2.2.2. Exponential moments for the time-integral. In this subsection we prove estimates for the expo- 
nential of the time integral of the L p norms, i.e. bound (1.9). For this purpose, let p > 2 be even and 



X(t) = (l + \\u J (t)\\ p LP f/v + e \Hs)f LP ds 

Jo 

where e = e(p) > is to be determined later, and apply the I to lemma to the C 2 function 

MX)=exp(KX). 
In order to do this, we first use (2.1) and obtain 

2 2-p (p — 2) 2-2p 

dX = -(1 + IMIj&p) p d\\uj\\ p LP g — (1 + IMIlp) p d\\io\\ p LP d\\uj\\ p LP + e\\u\\ LP dt 

= -(1 + \\uj\\ p LP ) 2 -ir (-pT hp dt + V(j> ~ ^- T 2 , p dt + p(a,tJ- 1 )dw\ 

-(p-2){l + \\u J \\ p LP ) — \(o-,Lj p ~ 1 )\ 2 dt + e\\u\\ 2 LP dt. (2.29) 
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Here we used the shorthand notation (a, g)dW = J2i^z It 2 &igdxdW l . Therefore, the Ito lemma applied 
to ip K (X) yields 

dMX) = ^(X)dX + ^(X)dXdX 

= k^kPQ(-2(1 + \\u\\ p LP )^T ltP + (p- 1)(1 + \\u;\\ p LP )^T 2)P 

+ e\\u\\ 2 LP - (p- 2)(1 + llwll^J^Ka.wP- 1 )! 2 )* 

+ Kip K (x)2(i + \\u\\l P y^ {a^-^dw 

+ n 2 i) K {x){i + \\uj\\ p LP yi? J2\ [ a i u;P ~ ldx ) dL ( 2 - 3 °) 

Using (2.2)-(2.3), the Holder inequality, and the definition of rp K we thus infer 

dij) K {X) < Kip K (X)(-—(l + ||w||£p)~|M|£ p + C|H|f> +e||w||ii, + CK\\a\\l P \\uj\\ 2 LP jdt 

+ 2k4> k {X){\ + \\ojf Lp yir {^JP-^dW. (2.31) 

Next, we estimate 

1 2-p \ 2-p 1 2-p 

"7^(1 + Ikllip) p IMIl? = -tt( 1 + IMIlp) p i 1 + M\ P lp) + yr( l + IMIp) p 

= -^(l+ll-l| P L,) 2/P + l<-7^ll-llL+l 
since C 7 > 1 and p > 2. We thus obtain 

dij} R (x) < kiI) k (x)(-—\\u\\lp + c(i + IkllL-) + e IMIi?> + c«IHIlpI|w|||pW 

+ 2re^(X)(l + llwll^) 2 ?^,^" 1 )^^. (2.32) 

We next choose k, e € (0, 1] to be sufficiently small so that 

CK(l + \\a\\t P )<-L, £<^r, (2-33) 

where C 7 is the constant appearing next to the negative term on the right side of (2.32). With this choice of 
e and k, we may now integrate (2.32) on [0, t], take expected values to obtain 

E*l> K {X(t)) < E^(X(0)) + f MX(s))ds. (2.34) 

Jo 

The constant (1) in front of the second term on the right side of (2.34) is independent of a because due to 
(2.33) we have Ck(1 + HcIIlp) — 1- F rom (2-34) and the Gronwall inequality we infer 

Eexp U||w(i)|||p + ek f \\oj(s)\\ 2 LP ds\ < m/> K (X(T)) < e T E^ K (X{0)) (2.35) 

for any T > 0, and in particular 

Eexp (ek / \\oj(s)\\ 2 LP ds) < e T Eexp («(1 + \\uo\\l P ) 2/p ) (2.36) 

holds for T > and e, k chosen such that (2.33) holds. Note that without loss of generality we may take 
e = k, which proves (1.9). 
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3. The Feller Property. Existence and Regularity Properties of Invariant Measures 

In this section we apply the a priori moment bounds derived in the Section 2 to establish that {Pt}t>o is 
Feller and then to infer the existence and regularity properties of invariant measures for the dual semigroup. 

3.1. Instantaneous Smoothing and the Feller Property. In order to establish the Feller property for 
Pt we will need to following continuous dependence estimates which rely on a smoothing properties of (1.1) 
established in Theorem 1 .2 

PROPOSITION 3.1 (Continuous Dependence in H r ). Fix m > r, T m > and define 

a(t ) = h T -- te l°' T l' ,3.1) 

[m, t > T m . 

Then for any ojq^ojq € H r and for any r > 

||W(T, U )-U>(t, Wo) ||^r-l+a(T) 

< ||w - wolljyr-iexp I C / l + \\ui(t,uio)\\ 2 H r+ a (t) + \\u(t,u)o)\\ 2 H r+cc(t)dtj (3.2) 

a.s., where the deterministic constant C depends on r, m, 7, T m but is independent of t and ujq, ojq G H r . 

proof of Proposition 3.1. For brevity of notation let uj{t) = u(t,oj ), u>(t) = u)(t,u>o) and p = 
w — Co. Then p satisfies: 

d t p + A~ f p + B(p,u;)+B(O,p) = 0, p{0)=co -u>o- (3.3) 

As in the proof of Theorem 1.2 we denote 

s(t) = r - 1 + a{t) 

and find that 

\j t \\^P\\ 2 + \W + " /2 Pf ~2a{t)W {log Kf^pf 

= -{A s B(p,u),A s p) - (A s B(o,p),A s p) 

Repeating the computations leading to (2.16) we infer 

^-\\A s p\\ 2 + ||A s+ ^ 2 p|| 2 <C||A s p|| 2 + \(A s B(p,oj), A s p)\ + \(A s B(oo,p),A s p)\ 
at 

=C\\A s p\\ 2 + T l +T 2 . (3.4) 

for a constant C = C(m, T m ). 

For the first term T 1? we use (B.2) and infer 

\T x \<\\A s {{K*p)-Vu)\\ L 4A s p\\ L2 

<C(\\A s (K*p)\\ L 2\\Vuj\\ L °o + ||A s Vo;|| L2 ||^*p|| L oo) \\A S p\\ L 2 
< C7(||A^V|| L2 ||A s+1 w|| L2 + ||A* +1 u;|| l2 ||A s -V||l 2 ) ||A s p|| L2 
<C\\A r+a u:\\ L 4A s p\\l 2 . (3.5) 
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On the other hand, for T^ we take advantage cancelations and make use of the commutator estimate (B.l) to 
bound 

\T 2 \ < C\\A S {(K * u) ■ Vp) - (K * Q) • V(A s p)|| l2 ||AV||l2 

<C(||V(/^*w)|| L 8/ 7 ||A S p|| L 8/(4- 7 ) + ||A S (iv"*w)|| L 8/ 7 ||Vp|| L 8/ ( 4- 7 ))||A S p||L2 

< C (H a)|| L8 / 7 ||A s +^ 4 p|| i2 + IIA'-^IU-rllA^VpU^) ||A s p|| L2 

< C||A s+1 w|| L 2 \\A s+ ^ 2 p\\ L 2 \\A s p\\ L 2 

<i||A s+ ^ 2 p|l! 2 + C||A r+ ^||i 2 ||A s p||| 2 . (3.6) 

Combining (3.5) and (3.6) with (3.4) and applying the Gronwall lemma yields the desired result (3.2). □ 

With Proposition 3.1 now, in hand we now turn to establish the Feller property. Note that, since growth 
of the distance between two solutions is controlled by the growth of each of the individual solutions in (3.2), 
we need to make more careful use of stopping time arguments to establish Feller property than for the 2D 
Navier-Stokes equations on the I? phase space. 

PROPOSITION 3.2. The Markov semigroup is Feller on H r for any r > 2, i.e. 

P T : C b (H r ) -* C b (H r ) 

for any T > 0. 

Proof of Proposition 3.2. Let ip e C b and T > be given. Fix o; G H r . For any u> in H r and 
K > we define the stopping times 

tk(Po) ■= inf < sup \\uj(s,O )\\ 2 Hr+cc(s) + / \\u)(t,ui )\\ 2 Hr+l/ 2 +a(t) dt> Kit + K\ , 
*^° [se[o,t] Jo J 

where a is defined precisely as in (3.1) with m = 1 and T m = T. Here k\ = C (T)V {\\a\\ w +m) is the 
constant appearing in (1.7) corresponding to T m = T and m = 1. In particular we emphasize that k\ is 
independent of ujq. We let 

tk(u>o, u>o) = Tftr(wo) A rK-(wo). 

Obsei"ve that, for any fixed 7^ > 0, it immediately follow from Proposition 3.1, (3.2) that 

\\u{t k (uo,lu ) AT,w ) -lj(t k (ujo,u)o) AT,wo)||^r-i+ Q (r K Kj,^ )AT) 

< ||wo - wo|||r-i exp (C(T) (T(l + 2»i) + 2K)) . (3.7) 

On the other hand, making use of the estimate (1.7) we have 

F{t k (oj ,u ) < T) <¥{t k (u ) <T) + F{t k (O ) < T) 

<P sup \\u(s,u )\\ 2 H r+ a M + \\oj(t,QJo)\\ 2 Hr+am dt>KiT + K] 
\se[o,T] 7o J 

+ P sup \\u)(s,O )\\ 2 H r+ a (s) + / \\u(t,u>o)\\ 2 Hr+a ( t) dt > KiT + K\ 
\se[o,T] Jo J 

^ C(T)V(\\u; \\ + \\u \\) (3g) 
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where we note that C is in particular independent of K > 0. Finally, for any uiq G H r , 

\P T tp(uJo) - P T ip(ui )\ =\Ecp(oj(T,oj )) -Eip(u>(T,u>o))\ 

<\E^(u(T,u )) -E^(uj(T,(do))l TK{Uih0o) > T \ + 2\\ V \\^F(T K (uj ,u ) <T) 

<\E(<p(uj(T AT K (uj ,Ld ),Lj )) -Eip(u(T At k {ujo,luo),uo))) 1tk;(wo,Oo)>tI 

+ 2\\< P \\ 00 F{t k (ujo,Oo)<T). (3.9) 

Using estimates (3.7)-(3.9), we now establish the desired continuity as follows. Let e > be given. In 
view of (3.8) we may choose K such that 

2|M| 00 P(tx(wo,w ) < T) < e/4 (3.10) 

for any Qq G Bh t {ojq, 1). Having fixed K, we next use the Relich and Stone theorems and pick !p G 
Cb{H r ), Lipschitz continuous, such that 

sup \(p(u) -(p(u)\ <e/4. (3.11) 

weB Hr+1 (K 1 T+K,0) 

With these choices we apply the observations in (3.10), (3.11) to (3.9) and using (3.7), we obtain, 

\P T tp(ujo) - P T if(Qo)\ 

-T + ll v ^ll°oIE(||w(r At_k(w ,w ),wo) -w(T Atk(uo,uo),wo)\\h'-~It k (u ,q )>t) 
< Y + ||V^||oo||wo - wolllrr exp (C(T) (T(l + 2«i) + 2K)) . 

for any Coo G Bjjr(uo, 1) and where we denote the Lipschitz constant associated with y?by ||V£>||oo. Thus, 
by choosing 

5 = IIV^II^ 1 exp (-C(T) (T(l + 2n x ) + 2K)) A 1 

we infer that \Pt(p{ujq) — Pt^{oJo)\ < £ whenever a>o G Bh t {5,uiq). Since e > was arbitrary, the proof 
of Proposition 3.2 is now complete. □ 

Proposition 3.2 is now used to establish the existence of an ergodic invariant measure with classical 
arguments. 

PROOF OF THEOREM 1.4. The existence of an invariant measure follows from Theorem 1.2 by showing 
that the sequence of time average measures 

M-):=5?/ Pt(0,-)dt = ^j P(w(t,0)€-)<ft 

is tight in Pr(H r ). For this point the linear time growth bound in (1.7) is crucial. The weak sub-sequential 
limit is then easily seen to be invariant with the aid of the Feller property. 

Having shown that the set of invariant measures X is non-empty the existence of an ergodic measure 
now follows from the following general argument. It is clear from linearity that X is convex, and due to 
the Feller property X is seen to be closed. Due to the Proposition 3.4 we can see that the set of invariant 
measures is tight, and hence X is compact. By Krein-Millman, X has an extremal point. Recalling that an 
invariant measure is ergodic if and only if it is an extremal point of X (cf. [DPZ96]), we hence conclude the 
proof of existence of an ergodic invariant measure. 

The proof of Theorem 1.4 is therefore complete once the higher regularity properties of \i established. 
This is carried out immediately below in Proposition 3.4. □ 

Remark 3.3. The above strategy works for multiplicative noise as well. Indeed, the strategy of proof 
in Proposition 3.2 has also been used recently in [GHKVZ13] to establish the Feller property for the 3D 
stochastic primitive equations. 
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3.2. Higher Regularity of Invariant Measures. We next show, again with the aide of Theorem 1.2 
that any invariant measure \x of (1.1) must be supported on C°°. 

PROPOSITION 3.4 (Higher Regularity). Fix r > and consider an invariant measure pfor {Pt}t>o 
defined as a semigroup on H r then, for any q > 2, 

/ ||u;||!pd//(u;) < oo, for every s > r. (3.12) 

In particular p is supported on H s for every s > r. 

It follows from the proof of this proposition that if we let coo,s sucn that uis(t, ojo,s) be a stationary H r 
solution of ( 1 . 1 ) then 

Mus\\ q H . < CV(\\a\\ M s). (3.13) 

for any q and any s > r holds. 

Proof of Proposition 3.4. For any R > and any integer N we define 

<Pr,n(u) = \\PNU)\\ q HS AR 
where Pjy is the project operator onto H^. Clearly ifR t N £ Cf,(H r ) so that by invariance 

/ <pR,N{u)dp,{u) = — — - / / P t tpR t N(u)d[i{u>)dt. 

JH r 1 — i J\ JH r 

for any T > 1. 

Applying Theorem 1 .2 with m the s given here and with T m = 1 we infer, for any p > 

1 f T f 1 f T f 

Pt<PR,N{uo)d/J>(uJo)dt <— — - / / E||w(t,a;o)||^ s ^( w o)^ 



T- l./l h H r{p) T-lj! JB H r(p) 

1 <■ r T 



<- 



E\\u(t,u )\\ q Hr+a{t) dtdfi(uJo) 



J -J- JB H r(p)J0 

< CV{p) + CTV(\\a\\ w ) 

r-i 



Here a is defined as in (1.6). On the other hand we have that 

f 

T-lJt JB H r(pY 

Combining (3. 14) and (3. 15) we infer that for any R, p > 



X — f f P t <pR, N (u)dii(u)dt < Rp,(B H r(p) c ). (3.15) 

- -L J\ JBht(p) c 



f w / \^ CV{p) + CTV{\\a\\ m s) 
(PR,N(w)dii(u) < y -^— — + Rn(B H r(p) c ) 

H r 1—1 

Since T > 1 was arbitrary to begin with 

(pR iN (Lo)dn(u) < CV(\\o-\\ R s) + Rp(B H r(p) c ), 



so that finally, taking p — > oo we conclude that 



/ tp R)N (u})dp(u}) < C"P(||0-|| H <O- 
The desired result, (3.12), now follows from the monotone convergence theorem. □ 
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4. Gradient Estimates On the Markovian Semigroup 

In this section we carry out certain estimates on the gradient of the Markov semigroup. These estimates 
are used to establish certain time-asymptotic smoothing properties of these Markov operators, introduced in 
[HM06]. To set up the gradient estimates, we recall the following topological notions from [HM06]. 

Let us define pseudo-metrics on H r according to 

d £ {oj l ,u) 2 ) := 1 Ae^Wco 1 -io 2 \\ H r, (4.1) 

and take 

Lip e := {ip £ C b (H r ) : \\ip\\ ds < oo}, 
where 

IMk : = SUp — r . 

Then, for a finite signed Borelian measure /i, we define: 



11/^lk := SU P / <p(w)li(dw)- 

This is known in some of the literature as the Kantorovich distance associated to d £ . Recall cf. [HM06, 
Definition 3.8, Remark 3.9] 

DEFINITION 4.1 (Asymptotic Strong Feller). We say that {Pt}t>o is asymptotically strong Feller 
(ASF) at Z € H r if 

limlimsup sup \\P tn (uJo,-) - P tn (uj ,-)\\ den = 0, (4.2) 

for some increasing sequence t n and some e n — > 0. 

The goal of this section is to prove that the Markov semigroup P t associated to (1.1) is ASF. Instead 
of working directly with Definition 4. 1 above, it was shown in [HM06, Proposition 3. 12] that a sufficient 
condition for establishing the ASF property of Pt, are suitable gradient estimates for Pt. These gradient 
estimates are established in the next proposition, which is the main result of this section. 

Proposition 4.2 (Asymptotic Strong Feller for sufficiently many forced modes). Let r > 2, 7 > 0. 

Then there exists N = ^V"(||cr|| L 6/-y , 7, r) such that if the ball of radius N in Z,q is fully contained in Z, then 

HVP^MIU(^) < C P(l|h;o||Hr ' ll<r|l g r+2) g(«y 2 , IMI^-r) (IMIoc + <5(i)||V^||oc) . («) 

for all t > 7" 1 , any tp € Cl(H r ). Here 

( £A 7/2 \ 

bit) = exp ^— -> as t — > 00, 

V 16 / 

and k 7 = (CPdlcH^e/T))" 1 is chosen to obey (4.21) below. 
Recall that in (4.3) we have 

ll*(wo)|Lc(H'0 = SU P l V ^( w o)'Cl 
M\\nr=l 

for any ^ G Cl(H r ), and where V^(wo) ■ £, represents its Frechet derivative at ujq in the direction £. 

Before turning to the proof of Proposition 4.2, we show its connection to establishing the uniqueness of 
the invariant measure. 
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Proof of Theorem 1.5. By Proposition 3.12 in [HM06], the gradient estimate obtained in Propo- 
sition 4.2 implies the asymptotic strong Feller property (cf. Definition 4. 1 above). On the other hand, the 
weak irreducibly property established in Proposition 5. 1 below, shows that co = lies in the support of every 
invariant measure. Recalling that the collection of invariant measures for P t is closed, convex, and compact, 
all of whose extremal elements are ergodic, the uniqueness now follows from Theorem 3.16 in [HM06]. □ 

The remainder of this section is devoted to the proof of Proposition 4.2. We begin by relating (4.3) to a 
certain control problem and recall some needed aspects of Malliavin calculus. 

4.1. Some aspects of Malliavin Calculus and the Derivation of the Control Problem. Observe that 
for any wq, £, € H r , t > and any ip € Cl(H r ) we have 

VP t <p(u ) ■ £ = EV<p(u(t, wo)) • Jo4 (4.4) 

where J s ,t£ solves 

dtp + A 7 p + VB(w(f, L) ))p = 0, 

p(s) = £, (4.5) 

and we denote 

VB(uj)p = (K * p) ■ Voj + (K * w) • V p = B(p, uj) + B(u, p) 

with K = V- L (-A)" 1 being the Biot-Savart kernel. 

Let us now very briefly recall some elements of Malliavin calculus in our setting. See [Nua09] (and 
also, [Nua06, Mal97]) for further details. One of the central objects of the theory is the Malliavin derivative 

D : L 2 (9) -> L 2 (S1 x L 2 (0, T;L 2 )) which acts according to 

®F = Y^d x f(J 9l (s)dW, . . . , J g n (s)dWjg k 
for "simple functions" S of the form 

rT r-T 



F = f(J 9i(s)dW, . . . , J g n (s)dw\ 



where / : M. N — > R is any Schwartz class function, and g\. . . g n are deterministic elements in L 2 (0, T; L2). 
Similarly, we may extend 2) to operate on vector valued random variables. In particular we have 2) : 

L 2 (n;H r ) -»• L 2 (n x L 2 ([0,T];L 2 );H r ) = L 2 (fi; L 2 ([0,T];L 2 (H r )) acting on simple functions S (H r ) 
of the form 

M 

F = 2_^F k uj k ] F k e S,oj k € H T . 

k=l 

We may close this operator 1) in the space of such simple function S(H r ) under the norm 

||F||i j2 = EH-FHtfr + E||DF|| HrxL2(0jT;L2) = E\\F\\ H r + E||2)F|| L2(0jr . L2(Hr)) 

and define the space Malliavin-Sobolev space D 1,2 (i7 r ). 

Two central ingredients in the Malliavin calculus are the chain rule 

2ty(.F) = Vip(F) ■ 2)F for any F € B 1 ' 2 \H r ), <p ^C\(H r ). (4.6) 

and the Malliavin integration by parts formula 

cT 



E(SF, /C) L2(0iT;L2) =E\F J KdWj 
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which holds for any K G L 2 (ft; Lf oc ([0, T); L 2 ) and any F G D 1 ' 2 ^). Here J T KdW is the Skorohod 
integral which in fact is defined by this duality relation. It coincides with the more classical Ito integral 
when /C is adapted to {J 7 t}t>o- See [Nua09] for further details. 
We now define the operator 

u(t,Uo,a(W + eK))-u(t,uo,aW) 

Ao t/C = hm . 

e-vO e 

for any /C G L 2 (J1; £ 2 OC ([0, oo); L 2 )). On the other hand (cf. [Nua06]) we have 

(S)a;,/C} L 2( 0jt;L2 ) = A),*^- 
Thus, according to the Malliavin chain rule and integration by parts formula 

E(Vp(w(t,wo)) • A,t/C) =E«©(^(w(t,w )),/C) La( o it;La) ) =EL(t^)) / /CdVn . (4.7) 

With these preliminaries in hand we now return to (4.4) and compute 

VPMuo) ■ £ = E (Vy>(w(t, wo)) • A),^) + E (Vp(w(t, w )) ■ (Jo,t£ - A>,t1C)) 

= V,(ip(Lj(t,Lj )) f JCdWj +E(V^(w(t,wo))p(t,e,/C,w(t,wo))) 

which holds for any /C G L 2 (il; L 2 OC ([0, oo); L 2 )) and p is the solution of the "control problem" 

d tP + A~ f p + VB{Lj(t,uJo))p = -aK: (4.8) 

p(0) = £. (4.9) 

In order to prove Proposition 4.2 we need a procedure to assign to every £ G -fP", with ||£||jf = 1 an 
element K^ G L 2 (fl; Lf oc ([0, oo); L 2 )) such that 

lim | sup E||p(i,£,/C*,w(t,w ))||flr ) =: lim<y(i) = (4-10) 

*~ > °° \II?IIh-=i / *~ > ' 00 



and 



sup E 

*>o,neikr=i 



/c«(s)diy 





<C7<oo. (4.11) 



The propose of Sections 4.2 and 4.3 is to establish (4.10), (4.11) for a suitable control JC^ which we will 
define next. 

For this purpose we introduce the classical projection operators: P/v is the projection from H r to Hn = 
spanjefc : k G Z 2 ,, \k\ < N}; and Qn = 1 — Pn is the projection on the orthogonal complement of Hn- 
Define cr* : H r — > L 2 according to 



(a*uj)k 



otherwise. 



As such that aa* = 1 on Hjy and let 



K = -\]l 2 <r*P N p (4.12) 

with N to be determined below. The above choice of K, implies that (4.8) is equivalent to 

d t p + Afp+ VB(u(t,Uo))p= -\T p NP (4-13) 

The first observation is that even when attempting to show that E||p(i) \\ L 2 — > as t — > oo, for 7 G (0, 1) 
we obtain an equation of the type 



j t \\p\\v <C\\p\\ L 2 (iMlg 6 
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for some small < e < 1. Upon applying the Gronwall inequality and taking expected values, it seems that 
the desired (exponential) decay on p in I? may be obtained z/ we had that 

Eexpff \\u(t)\\)£dt\ (4.14) 

grows at most exponentially in T. The main difficulty is that a bound on the exponential moment of the H 1 
norm in (4.14) is not available. Indeed, we are only able to prove exponential moments for the L p norm of 
uj, cf. Section 2.2 above. 

To overcome this difficulty, the key step is to first show that the the expected value of the H" 1 norm of 
p decays, and then bootstrap this information to H r norms. 

4.2. Estimates on the Control Equation in H^ 1 . Let v = K * p and u = K * uj. Convolving (4.13) 
with K, we thus obtain 

d t v + A^'v + X]l 2 P N v + u ■ Vv + Vvr + v ■ Vu = 0, V ■ v = 0, (4.15) 

for some suitable mean-zero pressure n. Multiplying (4.15) by v and integrating over the torus yields 
1 d 



+ \\A^ /2 v\\ 2 L2 + X]l 2 \\P N v\\ 2 L2 =- f(v-Vu)-v< |M|£a + «||Vu|| i .a±a (4.16) 

where we let e = £(7) = 27/(6 — 7). This choice of e, in view of (B.3) gives that 



2Jt Ml * 



M|?a+«||VU|| 2+e =\\V\\ 2 12 II VU|| 6 <C||A 7/6 d| 2 r2 |U| 6 

I M ±j ' 11 1 1 7" — - — 11 1 1 T -p-. 11 11 — — 11 1 1 J_j 1 1 1 1 r _, 

L s L&-7 7 L7 



<C||A^|| 2 / 2 3 ||,|lK 3 H^ILi 



"L7 

2 l|2 , n\\ l|2 II 1 1 3/2 
V\\ L 2 + C||v|| L 2||w|| 6 



^hl^Mh + ^MhMl^+c^lHl, (4.17) 

I Z Li 

where < k 7 ^C 1 is to be chosen later. Inserting (4.17) into (4.16), along with the standard lower bound 
for \\h^l 2 Q N v\\ 2 L2 , yields 

III* + 4 2 \Hh < j t \Hh + 4 2 \\Pnv\\1, + IIA^g^ni, 

< k 7 ||v||^ 2 ||w|| 2 6/7 +Ck~ 3 \\v\\ 2 L 2 (4.18) 

for some universal positive constant C. Assuming N is chosen sufficiently large so that 



A 



7/2 



2 
where C is the constant in (4.18), we thus obtain 

d I, 1,9 / I, 1,9 A 



> CkZ* (4.19) 



T /2 ' 



^.Iwllia < KIMlie/^-^llHlia (4-20) 

where k 7 is yet to be chosen. Upon applying the Gronwall inequality and taking expected values, we thus 
obtain 

n\p(T)\\ 2 H -i = nvmh < neii^-iEexp L, £ \Ht)f L6h dt - ^- 1 



for any T > 0. Now, we choose 



C(l+||<6/,) 



(4.21) 
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1/2 1/2 

to be sufficiently small so that (1.9) holds with k = k 7 (see also (2.33) with e = k = k 7 ). This allows 
us to apply the estimate (1.9) with p = 6/7, and obtain that 



EHpCOH^^Iieil^exp T 



4 2 t 



CEexplK^Hwo" 2 



L6/7 



Therefore, if we ensure that N is sufficiently large so that 



,7/2 
K N 



> IVCP(\\<t\ 



L 6 /-y, 



(4.22) 



we have established the exponential decay of the H l norm of the control 



EHpCOH^Iieil^exp 



X 7/2 T N 



CEexp (k 7 /2 ||w || 2 6/ 7 



(4.23) 



where k 7 is a sufficiently small constant, that depends on 7 and on \\a\ 



L6/-T- 



4.3. Estimates on the Control in H r . Next, we bootstrap the decay obtained in (4.23) for the H _1 
norm, to a decay for the H r norm of the control. As in Section 2.1.3 we need to appeal to the smoothing 
effect encoded in the equations. This time we consider 



s(t) 



r-l + trf, te[0,T 7 ], 



t> T, 



(4.24) 



7' 



where we let T 7 = 7 x . Note that for x > and 7 > we have 47 log x < x 21 which is the reason why 
we let s(t) = 7 on [0, T 7 ]. More precisely, this choice of slope in s(t) yields 

2s(t)||(logA) 1 / 2 A^V|| 2 < -||A s W+^ 2 p||| 2 . 



In view of the above discussion, the H s ^> energy estimate for the control equation yields 



—IIAviiia + -M s+i/2 p\\% + VllAV 



2dt"" f ' llL2 ^4 l|iV " HUL2 ' 4 



7/2 

N ||AS^I|2 
L 2 



< 



A s B(p,uj)A s pdx 



+ 



A s B(u,p)A s pdx 



--■T l +T 2 . 



Note that s(t) > r — 1 > 1. Thus, H s is an algebra, and we have a direct bound for T\ as 

Ti < C\\A S p\\ L 2\\K * A s p\\ L 2\\Vu\\ H s <C\\u\\ H s+i\\A s p\\ 2 L2 . 



(4.25) 



(4.26) 



Here we also used the Poincare inequality. To estimate the T 2 term in (4.25) we note that f B(co, A s p)A s pdx - 
0, and appeal to the commutator (B.l). The Sobolev embedding (B.3), and the Poincare inequality, letting 
< e < 1 we get 



T 2 <C\\A s - l u\\ 4+2 e ||Vo|| r 2+ s ||A>||r.2 + C?|U| illAVII s WpWl 2 

L £ Li L 4 -t 

<C\\A s u\\ L 4A s p\\ 2 L2 +C\\u\\ H1 \\A s+ ^ 4 p\\ L2 \\A s p\\ L2 



< i||A^/ 2 p||| 2 + C (||A^|| L2 + Ml^) \\A s p\ 



2 

L 2 - 



(4.27) 
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Therefore, inserting the estimates (4.26)-(4.27) into (4.25) and appealing to the Poincare inequality we 
obtain 

-||Ap|| L2 + -||A p|| L2 +_-||A p\\ L2 

<C(l + \\uj\\ 2 Hs+l )\\k s P \\l 2 

< C (1 + |M|^ +1 ) HA-Vllia II A S P||1 2 II A s+7/2 p||^ 25 

<^||A^/V|li a + C f (l + ||u;||^ +1 )||A- 1 p||i a ||AVIlL a (4-28) 

where 

7 



s + 1+7 

Note that by (4.24) we have j/(r + 1 + 7) < 5 < 7/(^ + 7). After canceling the dissipative terms, we 
divide both sides of (4.28) by ||A s p|| I/ 2 and obtain 

d A 7 ^ 2 / 2(r + l + 7 ) \ 

-IIA^H^ + — g— ||AV|| i2 < C f 1 + ||w||^. + l J ||A-V||l2. (4.29) 



Using Duhamel's formula, and taking expected values, we thus obtain that 

E||A s «V(t)|| L2 



t\ N 



7/2 , 



< ||A'-^|| L2 exp 




(t-r)A 7/2 ^ / 2fc±i±ir 



X N 



/ 2(r + l + 7 ) \ 

(rJIU-i^l + HA'W+^Cr)!^ ■» jdr 



t\ N 



7/2- 



<||A^|U 2 exp 




( ' T 2 )A;/2 ) \\p(r)\\UdX (EjT'l + IIA'W+VrJII^dr) 5 



(4.30) 



To conclude, we use estimate (4.23) which gives us exponential decay of E||p(t)||^_i , and estimate (2.21), 

which gives us a control 2 of / * E||A s ( r ) +1 w(r)||^ 2 (iT, with any g > 2. Therefore, from (2.21), (4.23), and 
(4.30) we obtain 



E||A s Wp(*)ll 



L 2 



r— 1 1 || „, m t/x JV 



<||A r - 1 e|| La exp 



IX 



7/2^ 



tA# 2 \ /_ Al/V_ ,„ AV2 



+ C||^-iexp( |-j (f(« 7 ,||a;o|| L 6/ 7 )) (V(INk-) + CtP(||a|| H , +2 )) . (4.31) 

The degree of the polynomial V above may be computed explicitly 3 solely in terms of r and 7. The coeffi- 
cient k 7 in the exponential function depends on 7 and ||o"|| L 6/7. Here we also used that the initial data loq is 
in fact deterministic. 



Note that the s(t) in (2.21) is not the same as the s(t) in (4.24). The former is larger by 1 than the latter. 
3 In (4.31), we have V(x) = 1 + x n , where n is the smallest integer larger than ie('-+i+7)((4+7Kr+ 2 + 7 )-4)(i+ 7 ) ^ bu( . ^ 

explicit value is not important. 
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To conclude the argument, we need to wait let t > T 7 = 7 , so that s(t) = r, and obtain 



E 



tXl{ 2 \ /, ,\l/2/,„ . _,.. A 1/2 



H r < CU\\ H r-l eX P |-J (f (fty, ||W0|| £ e/^)) (p(lto> M + WflMlmr+a)) " 



iA^ /2 



< C\\£,\\ H r-i exp I 1^- J (1 + £) 1/2 £(k 7 , ||wo|| i 6/ 7 )'P(||wo||fF ) lklliF+ 2 ) 

< CU\\ H r-i exp ( ^- j £(k 7 , ||wo|| L 6/ 7 )7'(||wo||h'', Iklln^) ( 4 - 32 ) 

whenever AT is sufficiently large so that (4. 19) and (4.22) holds. 

4.4. Estimates on the Stochastic Integral Term. It finally remains to verify (4. 1 1 ) for the choice K 
given in (4.12). Let us first note that /C is adapted. As such, with the Ito isometry we obtain that 



E 



K{s)dW s 
o 



E / \\]{ 2 a*P N p( S )\ 2 L2 d S 
Jo 

POD 

C(H-,L 2 ) E / \\ P Np\\ 2 H rds 



— A N\\ * 



,2r+2+7n i|2 m / II n2 j //i oo\ 

V \\ a *\\c( H r,L2) E J \\P\\H-l ds ( 4 - 33 ) 



To prove (4.11), we combine (4.33) with (4.23) and obtain 



sup E 

t>0,U\\Hr=l 



j t lC^s)dW s < CAj +a+ ^ /2 ||(7,||| (Hr>£a) Ef(«y 2 ,|| W o|||e^) 



where we have used that A^r is chosen to proportional to a polynomial in ||<t|| L 6/ 7 . The emphasis here is 
that the above bound is independent of t and £. 

Remark 4.3. A different approach may be used to establish the asymptotic strong Feller property, 
which does not require exponential moment estimates nor the use of Mallivan Calculus, but which retains 
some of the spirit of the above estimates. Here one couples nearby solutions using the Girsanov theorem 
and the Foias-Prodi estimates (see, e.g. [KS12]). Unfortunately, this framework appears to be ill-suited to 
establish ergodic properties and mixing in the hypoelliptic forcing regime. 

5. Weak Irreducibility 

Let us denote by B(R) the ball of radius R about the origin in H r . 

PROPOSITION 5.1 (Weak Irreducibility). Let /j, € Pv(H r ) be invariant for {Pt}t>o- Then, for any 
e > 0, we have /j,(B(s)) > 0, i.e. £ supp(/i). 

Proof of Proposition 5.1. The proof is based on establishing two properties. First, we show that 
there exists A > 0, and 5\ > such that 

M(£(A))>5i (5.1) 

for every invariant measure \i. Secondly, we prove that for any R > 0, r/ > 0, there exist T = T(R, rj) > 
and 62 = 8i{R, rj) > such that 

inf P T (w ,B{ri))>5 2 (5.2) 

\\UJQ \\H r ^-*^ 

where we recall that P T (oo ,B(r])) = F(\\oj(T,oj )\\ H r < rj). 
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To see that (5. 1) and (5.2) give the proof of the proposition, let \i E Pi(H r ) be invariant, and hence 



fi(A) = P t *n(A) = [ P t (oj ,A)dn(oj ) 



for any A in the Borelians on H r . For 77 > arbitrary, let T such that (5.2) holds, and let A be as in (5.1). 
Thus we obtain by letting R = X that 



ti(B(ri))= P T (u; ,B(ri))dn(uj )> P r (u ,B(ri))dfi(u )>SiS2>0. 

JH r Jb(X) 

It thus remains to establish (5.1) and (5.2). 

In order to prove (5.1), let \x be invariant, and let los be an associated stationary solution of (1.1). From 
the estimate (3.13), and the Poincare inequality we conclude that 

E||w5||lrr < CV(\\a\\ m r) < oo. 

Therefore, we have 

1 f ,...112 j..,..,. l m ,„ ,2 ^CV(\\a\\ w ) 



KB(\) C ) < ^ / MhM") = -^n\u s \\ 2 H r < 



A 2 

and letting A be sufficiently large (independently of //), we obtain (5.1) with <5i = 1/2, for example. 
To establish (5.2), we consider the Ornstein-Uhlenbeck process Z given by 

dZ + bC'Zdt = adW, Z(0) = (5.3) 

and consider the change of variables 

Ul = UJ — Z 

that obeys the PDE with random coefficients 

d t u> + A' y oJ + B(oJ + Z,u!) + B(0 + Z,Z) = 0, w(0) = w . (5.4) 

For 5, T > 0, we introduce the set 

n SjT = {wett: \Wi(w)\ < 5, for all s £ [0,T] and all j € Z} . (5.5) 

Using standard properties of Brownian motion, since \Z\ < oo we know that for any 5, T > 0, there exists 
S 2 = 5 2 (5,T) > such that 

P(n«, r ) > h > 0. (5.6) 

On the set where the Brownian motions stay close to the origin, one may use the representation of Z as a 
stochastic convolution to establish the classical fact. 

PROPOSITION 5.2. Let r > 2, 7 > 0, and \Z\ < 00. For any 5,T > 0, there exists a deterministic 
constant e§t > such that e$t — > as 5 — > Ofor T fixed, and such that 

sup \\Z(t,w)\\ H r+2 < es : t, for all w E £ls,T, (5-7) 

te[o,T] 

where ils,T is as defined in (5.5). 

Proposition (5.2) implies that for trajectories starting in Qs,T, the coefficients of the nonlinear PDE (5.4) 
are small in H r+1 . Therefore, using the decay in time given by the dissipative operator A 7 , we may expect 
that after waiting a sufficient amount of time, the shifted vorticity Co is also small. More precisely, we have: 

PROPOSITION 5.3 (Decay for the shifted equations). Let r > 2, 7 > 0, and R, 77 > be arbitrary. 
Then there exist 5, T > such that for any ujq E B(R), 

\\uj(T, Lj )\\ H r <rj/2 on£ls,T, (5.8) 

where £1$ t is as in (5.5). 
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Assuming Proposition 5.3 holds, we may now easily complete the proof of (5.2). Indeed, for R, r\ > 
given, we may find T = T(R, rj) sufficiently large, and S = 5(R, rj) sufficiently small such that (5.8) holds. 
In addition, since eg? — > as 5 — > 0, upon possibly further shrinking 5 we can ensure that in (5.7) we have 
£(5,T < tj/2. Then, it follows that 

inf F(\\u(t,u )\\ H r <V)> , pf F(\\6j(t,oj )\\ H r + \\Z(t)\\ H r < r,) > P(%r) > 5 2 (5.9) 

ll' i 'o||ff»"<.R ||^o||H r <-R 

by using (5.6). This concludes the prof of Proposition 5.1, modulo the proof of Proposition 5.3, which we 
establish next. □ 

Proof of Proposition 5.3. Fix some uj e B(R). Throughout this proof we will work pathwise 
on the set Qg,T, where 5 and T will be chosen suitably at the end of the proof. This ensures in view of 
Proposition 5.2 that for w € Q^t we have \\Z (■ , w)\\ Laa i QtT . H r+2\ < e = eg,T- 

We first obtain a decay estimate on for high L p norms of the shifted vorticity u>. Let p > 2 be even. 
Multiplying (5.4) with a) p_1 , integrating over T 2 , and using (2.2) we obtain 

II — IIP i II - IIP /"<ll TS -II HV7/7II II- IIP - 1 i (~1\\TS 'VW IIT7'7II II - IIP - 1 

— \\u\\ F LP + -^-|M|£ P < C||A * w||lp||Vz||x,oo||u;||^p + C\\K * Z||i,oo||VZ||lp|M|£p 

< Ce\\u>\\ p LP + Ce^pf^ 1 < 2Ce\\Co\\ p LP + Ce p+1 (5.10) 

with Cj > 1. Therefore, if 5 is chosen so that 

2Ce<^ r , (5.11) 



we obtain from (5.10) that 



Gronwall and (5.12) thus yield 



|WK. + ^E.<«'- ("a 



IIOWIE. < IMI^expf-^-) +2C(p)£". (5.13) 

Next, similarly to Section 2.1.2, we multiply (5.4) with Aw and integrate over T 2 to obtain 

~||Vw|£a + ||A 7/2 Vw|| 2 2 = ( B(uj,u))ACJ + [b(Z,u>)Aui+ [b(lu,Z)Au; + f B(Z,Z)Au> 

:= T x + T 2 + T 3 + T 4 . (5.14) 

Similarly to (2.7) we estimate 



\Ti\< J \VK * lu\\X7u>\ 2 < -||A 7/2 Vw||| 2 + C\ 



- \\Pi 



where 



p 7 = 4+-. (5.15) 

7 

On the other hand, upon integrating by parts, using the Poincare inequality, the Sobolev embedding, and 
estimate (5.7), we obtain 

\T 2 \ + |T 3 | + |T 4 | < C7e||Va)||| 2 + Ce 2 \\VCu\\ L 2 < 2Ce||Vw||| 2 + Ce 3 . 

Combining the above estimates yields 

— ||Vw|| 2 2 + ||Vw|| 2 2 < Ce||Va)|[ 2 2 + Ce 3 + C\\u)\\% (5.16) 
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for some positive constant C. Thus, if we assume that e obeys (5.11), with possibly a larger universal 
constant C, we obtain from (5.13) and (5.16) that 

\\Vu(t)\\h < ||Va;o||l 2 exp (-0 + Ce 2 + C(p 7 )||u,o||^, exp (-JL^j 

< C(p 7 )(l + &*) exp (-^r) + Ce 2 (5.17) 

for all t > 0, since loq lies in the ball of radius R around the origin in H r . 

We complete the proof of the proposition using estimates that are similar to those in Section 2.1.3. 
Taking an L 2 inner product of (5.4) with h 2r uj, and using a commutator estimate for the term corresponding 
to T2, we obtain 



1 d „_ 2 3 



UJ \\H r — -W^Wh^+i/ 2 — 



2dt" " a 4 1 



f[A r ,(K*oj)-V]oJA r 



+ C(£ + e 2 )\\u>\\ 2 Hr + Ce 2 \\cd\\ H r, (5.18) 



where [■,•] denotes the usual commutator, and we have appealed to (B.2), the Poincare inequality, the 
Sobolev embedding, and estimate (5.7). Using the commutator estimate in Lemma B.l, we conclude that 
there exists q = q(r,-y) > 2, such that (5.18) becomes 

j t M\h + \\Co\\ 2 Hr+l/2 < C||w||^ + Ce\\uj\\ 2 H r + Ce 3 . (5.19) 

Again, in view of the smallness condition (5. 1 1) on e, with a possibly larger constant C, we conclude from 
(5.19) that 

ll«(*)ll^ < ||^o||^ex P (-0 + Ce 3 + C(l + R^ 2 j\ W (-^y w (-^^y s 

< C(l + R p ^) q l 2 exp (—fif) + Ce 3 . (5.20) 

where q is as given in Lemma B.l, and p 7 is given by (5.15). 

The proof of (5.8) is now complete by letting 5 be sufficiently small such that (5.1 1), and Ce 3 T < rj/4 
hold, and then letting T be large enough so that C(l + R?i)ll 2 exp(-Tg/4C 7 ) < ??/4. □ 

Appendix A. Lower bound for the fractional Laplacian in LP 

Let T d = (— 7r, ir] d , and let 9{x) be a smooth enough scalar, and have zero mean, that is f Td 9{x)dx = 0. 
We recall (see e.g. [CC04, RS12] and references therein) the definition of the fractional Laplacian on the 
torus. For 7 G (0, 2) we have 

A 7 6>(x) = P.V. f (0(x) - %)) K^x - y)dy 

Jf d 

where for z 7^ the kernel A' 7 is defined as 

K ^ {z) = c ^ e \ Z -Lk\** 

fcez d ' ' 

and the normalization constant is 

2TT((n + 7 )/2) 
° dn |r(- 7 /2)|7T d / 2 ' 

Let p > 2 be even. The goal of this appendix is to prove: 
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PROPOSITION A.l (Fractional L p Poincare). Letp >2be even, < 7 < 2, and let 9 have zero mean 
on T d , where d > 1. Then 

9 p ~ 1 (x)A^9(x)dx > ^-\\9\\ p r p + -\\A^ 2 {e^ 2 )\\ 2 L2 (A.l) 

holds, with an explicit constant C^ > 1 given by (A. 5) below. 

Proof of Proposition A. 1 . Of course, unless 9 has zero mean, we cannot expect (A.l) to hold, as 
can be seen by letting 9 = 1. Also, when p = 2, inequality (A.l) trivially holds (it's just the Poincare 
inequality) by staring at the Fourier series. Hence for the rest of the proof we let p > 4 be even. Lastly, the 
case 7 = trivially holds, while the case 7 = 2 is follows upon integration by parts. 

For < 7 < 2 we have 



9 p - 1 {x)A~ f 9{x)dx 

P.V. II 9 p ~ l {x) (9(x) - 9{y)) K 7 (x - y)dydx 



X -Py. J J (9 p -\x) - 9 p ~\y)) (9(x) - 9(y)) K^x - y)dydx 

±P.V. J! (p {9 p -\x) - 9 p -\y)) (9{x) - 9{y)) - 2 (V 2 (x) - 0^\y)f\ K,(x - y)dydx 



+ -P.V. II (9 p/2 (x) - 9 p / 2 (y)Y K^x - y)dydx 



1„„ ff /„„/9, , „*,/■>, A 2 

— 1 
V 

= Y/ y - II fp{0{x),9{y))K 1 {x-y)dydx+ l -\\^l 2 {9 p l 2 )\\ 2 L2 =: ±T + ^\\A^ 2 (9 p / 2 )\\ 2 L2 (A.l) 

where the double integral is over T 2d , and we have defined 

f p (a, b) = p(a p ~ l - W- X )(a - b) - 2(a p/2 - V' 2 ) 2 . 

it can be easily seen that f p (a, b) > on R 2 when p is even, and so the term T is positive. Usually the term 
T is dropped in establishing lower bounds. The trick is that exactly T gives the lower bound (A.l). 
We next claim that for p > 4 even, and a, b € R we have 

f p (a,b)>(p-2)(a-b) 2 a p - 2 . (A.3) 

Assuming for the moment that (A.3) holds, let us prove (A.l). Since K- r is positive, we have 

T > (f - 2)P.V. (f{e(x) - e(y)fe(xf~ 2 KJx - y)dydx 



>(P- 2)c 4l J "j '(B(x) - S(y)Mxy- 2 ]_ 2 , d+ ,, dydx 

* vJ^mn^ II <m - S ^^ p - 2 ^ 

2 (2, + ( [d^)|)^ I (<>'^ ~ * £ ^'(»)«M*) & (A.4) 

At this point we use that 9 has zero mean, as it implies 

9 p ~ 1 (x)9(y)dy = 
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for every x. It then follows from (A.4), that 



(p-2)cd, 7 |T 
(2vr + |diam(T d )|) d +T 
This proves (A. 1) with the constant 






(p - 2)2TT((n + 7)/2)|T d | 2?r((n + 7)/2)|T d 



2p(2vr + |diam(T rf )|) d +7|r(-7/2)|7r rf / 2 ~ 4(2vr + |diam(T d )|) d +7|r(-7/2)|7r d / 2 C di7 
for any p > 4. It remains to prove the inequality (A.3), which we do next. □ 

Proof of Estimate (A.3). First let 6 = 0. Then (A.3) holds, with equality. Next, let r = a/b. Since 
p > 4 is even, checking (A.3) is equivalent to verifying 

g p {r) ■= p(r v ~ x - l)( r - 1) - 2(r p/2 - l) 2 > (p - 2)(r - 1)V" 2 =: /i p (r). (A.6) 

Next, note that /i p (r) = h p (—r), and that when r > we have 

p (- r ) = ^(r^ 1 + l)(r + 1) - 2(r p / 2 - l) 2 = p{r p + r^ 1 + r + 1) - 2(r p - 2r p / 2 + 1) 

> (p - 2)(r p + r p ~ 2 ) > ftp(r) = /i p (-r). 

This shows that we just need to check (A.6) for r > 0. It clearly holds at r = 0, and also for r S> 1 since 
it's a p 4/l degree polynomial with leading coefficient p — 2 > 2. Letting 

r p/2-l _ i 
m(r) = r p/2 ~ 2 + . . . + 1 = 



we can explicitly write 

9 P (r) ~ h p (r) 



pm 



( r )( r P/2-i + x) _ 4r p / 2 " 1 m(r) - 2m{rf 



(r - l) 2 

= m(r) Up - 4)r p/2_1 + p - 2m(r)] . (A.7) 

If r < 1 we are done, since m(r) < m(l) = p/2 — 1, and hence p — 2m(r) > 2. On the other hand, if 
r > 1, we have 

(p - 4)r p / 2 " 1 + p - 2m(r) = -^— ((p - A)r v ' 2 -Op- 2)r p l 2 ~ l + pr - (p - 2)) = -^-. (A.8) 

r — IV J r — 1 

We have q(l) = 0, and 

2q'(r) = p(p - 4)r p/2_1 - (p - 2) 2 r p/2 ~ 2 + 2p > 2g'(l) = p(p - 4) - (p - 2) 2 + 2p = 2(p - 2) > 0. 

This proves the right side of (A.8) is positive for r > 1, and thus the right side of (A.7) is non-negative for 
r > 1 as well. This concludes the proof of (A.6) for all r, and hence of (A.3). □ 

Appendix B. Bound on the nonlinear term in Sobolev spaces 

Recall the following classical commutator estimate. Let s > l,p € (1, oo), / and g be smooth zero- 
mean functions on T 2 . Then we have the (Kenig-Ponce-Vega) commutator estimate 

l|A s (/ • Vg) - f ■ VA s g\\ LP < C (UV/IIlpi ||A* 5 || LP2 + ||A s /||l P3 \\Vg\\ LPi ) (B.l) 

where 1/p = 1/pi + l/p2 = l/p3 + l/p4, and pi € (1, oo), for a sufficiently large constant C that depends 
only on s,p,pi and the size of the periodic box. Similarly, we also make use of the fractional calculus 
(Kato-Ponce) inequality 

||A S (/ 5 )|| LP < C{\\A s f\\ LP1 \\g\\ LP2 + ||A^|| LP3 |mM, (B.2) 

which is valid for sufficiently regular /, g, for a constant C independent of /, g, and for any choice of s > 0, 
1 < p < oo, 1 < pi < oo and 1/p = 1/pi + l/p 2 = l/p 3 + l/p 4 . See, e.g. [Tay91, MS13]. 
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For p G [2, oo) and / as above we have the Sobolev embedding 

II/IIlp^cha 1 "!/!^ (b.3) 

for a sufficiently large constant C that depends only on p and the size of the periodic box. 
The purpose of this appendix is to prove: 

Lemma B.l (Commutator estimate). Let s > 1, 7 6 (0,2], and ui be smooth of zero-mean on T 2 . 
Then, for any e € (0, 1) we have 



T 
where 



[A s ,u ■ V]u)A s cudx 



< C\\co\\ q Hl + e\\uj\\ z HS+l/2 (B.4) 



4((4 + 7)( S + 7 )-4) 



7(6 + 7) 

for a sufficiently large constant C that depends on s, s, 7, and the size of the box. 

Proof of Lemma B.l. Let < 5 < 1 to be chosen precisely below, and p = 2 — 5. The Holder 
inequality and the commutator estimate (B.l) yield 

T< ||[A s ,u- VH| L p||A s w|| E 

< C||A s o;|| 2-6 ( llwll (2-*)(4-«) ||A s u;|| as + ||A S ~ uj\\ 2(2-4) IIVwII jp. ) 

in V L 5 L^T- l — 5 — / 

by setting Pl = (2 - «J)(4 - 6)/S, p 2 = (4 - <5)/2, p 3 = 2(2 - <J)/«J, and p 4 = 2. Using the Sobolev 
embedding (B.3) and the Poincare inequality we obtain 

T < C||A s+ ^^w|| L 2||A (2-*)(4-*)w|| L 2||A s " ; ^a;|| L 2 + C7||A s+ ^^u;|| i 2||A s_ ^^a;|| i 2||Aa;|| i 2 

<C||A s+ ^w|| L 2||A s "^w|| L 2||Aw|| L 2. 

Letting 5 be such that 

5 7 
2-5 = 2' 
and interpolating, we further bound 

T<C||A s+ iw|| 2 r2 a ||Aw||!t Q 

II '' Lj >' >' J_J 

for a positive constant C7 that depends on 7, s, and the size of the domain, where 

= 7(6 + 7) 

(4 + 7 )(2s-2 + 7 )' 

We conclude the proof of the lemma with the e- Young inequality, and letting q = 2(1 + a) /a. □ 
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